Stable foliations with respect to Fuglede modulus and level sets of
  $p$--harmonic functions by Ciska--Niedzialomska, Malgorzata & Niedzialomski, Kamil
ar
X
iv
:1
40
4.
08
78
v1
  [
ma
th.
DG
]  
3 A
pr
 20
14
STABLE FOLIATIONS WITH RESPECT TO FUGLEDE MODULUS
AND LEVEL SETS OF p–HARMONIC FUNCTIONS
MA LGORZATA CISKA–NIEDZIA LOMSKA AND KAMIL NIEDZIA LOMSKI
Abstract. We continue the study of the variation of the p–modulus of a foliation initi-
ated by the first author. We derive the formula for the second variation which allows to
study p–stable foliations. We obtain some results concerning codimension one p–stable
foliations. Moreover, we derive the equation for the critical point of the p–modulus func-
tional of a foliation given by the level sets of smooth function. We show the correlation
with the q–harmonicity. We give some examples. In particular, we show that foliations
given by the distance function are critical points of p–modulus functional.
1. Introduction
Extremal length [1], the notion which was the starting point to the definition of modu-
lus, is a conformal invariant widely used in the context of quasi–conformal mappings on
the plane. The p–modulus of family of curves plays major role in many areas of mathe-
matics, such as potential theory or geometric measure theory. In the latter, it allows to
deal with Sobolev spaces on metric measure spaces.
A p–modulus was generalized to a family of measures and, in particular to a family of
Lipschitz surfaces by Fuglede [13]. This leads in a natural way to a p–modulus of families
of submanifolds on a Riemannian manifold and to the p–modulus of a foliation. Therefore
it is natural to study the properties of such notion.
The modulus of a family of hyper–surfaces separating two components of the comple-
ment of doubly connected set is the reciprocal of the capacity of this set [16, 14]. The
capacity is an important tool in the potential theory, differential equations but has also
implications to differential geometry [10, 11, 6]. By the monotonicity of modulus, it is
natural to find and describe these which modulus attains its maximum.
In this paper, we continue the approach initiated in [8] by the first author. We derive
the second variation of p–modulus functional. This leads to the definition of p–stable
foliations (for the p–modulus). We give more explicit condition for p–stable foliations in
the codimension one case. This condition reminds the weighted Hardy type inequality,
with the weight being the p–th power of the extremal function for the p–modulus.
We also focus on the foliations given by the level sets of any smooth functions. We
derive the differential equation for critical points of p–modulus functional. We show the
correlation of the critical points of p–modulus functional with the q–harmonicity of the
function defining the foliation. We show that foliations given by the distance function are
p–stable.
The main tools of all considerations are the following.
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In the context of the second variation of p–modulus we use the integral formula obtained
by the first author [7] and slightly generalized in this paper to the following∫
M
f
p−1
0 ϕψˆ dµ¯ =
∫
M
f
p−1
0 ϕˆψ dµ¯,
where µ¯ is the Lebesgue measure on M , f0 the extremal function for the p–modulus of a
given foliation F and ϕˆ is the integral over the leaves of F (for the definitions see the next
section). This formula is of the independent interest and can be seen as a generalization
of co–area formula.
In the context of q–harmonicity of a function u : M → R on a Riemannian manifold
and p–modulus of related foliation Fu, we derive properties of the function
νqu(t) =
∫
u−1(t)
|∇u|q−1 dµu−1(t), t ∈ u(M).
We compute the differential of νqu and use obtained formula in order to obtain the differ-
ential equation for the critical point of the p–modulus functional.
2. Basic definitions and facts
Let (M, g) be a Riemannian manifold, F a k–dimensional foliation on M . Denote by µ¯
the Lebesgue measure on M and let µL denotes the Lebesgue measure on the leaf L ∈ F .
Fix p > 1. We say that a nonnegative Borel function f :M → R is admissible if∫
L
f dµL ≥ 1
for all L ∈ F . The set of admissible functions is denoted by adm(F). The p–modulus of
F is the number
modp(F) = inf
f∈admF
∫
M
f p dµ¯
in the case when adm(F) is nonempty, and we put modp(F) =∞ otherwise. Notice that
p–modulus can be defined for any family F of k–dimensional submanifolds. The original
definition of modulus was introduced for the family of measures by Fuglede [13]. The
p–modulus has the following basic properties [13, 5]
(1) if F ⊂ G, then modp(F) ≤ modp(G),
(2) if F ⊂ ⋃iFi, then modp(F) ≤∑imodp(Fi).
In other words, p–modulus is an outer measure (on the set of k–dimensional submanifolds).
If there is an admissible function f0, which realizes the p–modulus, i.e.
modp(F) =
∫
M
f
p
0 dµ¯,
then we call f0 the extremal function for the p–modulus of F . One can show the following
characterization of existence of extremal function [7].
Proposition 2.1. There is extremal function for the p–modulus of F if and only if for
any subfamily E ⊂ F such that modp(E) = 0 we have µ¯(
⋃ E) = 0.
Moreover extremal function has two important properties [7]
(1) f0 > 0 almost everywhere,
(2)
∫
L
f0 dµL = 1 for almost every leaf L ∈ F .
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In the case, when a foliation F is given by the level sets of a submersion Φ : M → N ,
the extremal function for the p–modulus of F , if exists, equals [15]
(2.1) f0 =
(JΦ)q−1∫
Φ−1◦Φ
(JΦ)q−1 dµΦ−1◦Φ
and
(2.2) modp(F) =
∫
N
(∫
Φ−1(y)
(JΦ)q−1 dµΦ−1(y)
)1−p
dµN(y),
where p and q are conjugate coefficients, p+ q = pq.
Now we will slightly improve some of the results in [7]. Let us begin with some notation
and facts. We say that a family E ⊂ F is p–exceptional if its p–modulus is equal to 0.
Moreover, we say that a property (P ) holds p–almost everywhere (with respect to F) if
there is p–exceptional family E ⊂ F such that (P ) holds for F \ E . Notice that if there is
the extremal function for the p–modulus of F then any p–exceptional family is of measure
zero. One can show [13] that if f ∈ Lp(M), then f ∈ L1(L) for p–almost every L ∈ F .
For any ϕ ∈ Lp(M) let
ϕˆ(x) =
∫
Lx
ϕdµLx,
where Lx ∈ F is a leaf through x ∈ M . Function ϕˆ is defined p–almost everywhere and
almost everywhere if there is the extremal function for the p–modulus of F . We will often
write (f)̂ instead of fˆ .
Let us recall Badger’s result [2] on the necessary and sufficient condition of existence
of extremal function, which in our case takes the following form.
Theorem 2.2. There is the extremal function for the p–modulus of F if and only if
(1) fˆ0=1 (almost everywhere),
(2) for any ϕ ∈ Lp(M) such that ϕˆ ≥ 0 we have ∫
M
f
p−1
0 ϕdµ¯ ≥ 0.
Let
Lp(F) = {ϕ ∈ Lp(M) | esssup|ϕˆ| <∞}.
We have the following generalization of an integral formula obtained by the first author
[7]. This can be seen as a generalization of the Fubini theorem for a submersion, so called,
co–area formula.
Proposition 2.3. Assume there is extremal function f0 for the p–modulus of F . Then
(2.3)
∫
M
f
p−1
0 ϕψˆ dµ¯ =
∫
M
f
p−1
0 ϕˆψ dµ¯ =
∫
M
f
p
0 ϕˆψˆ dµ¯.
for any ϕ, ψ ∈ Lp(F). In particular,
(2.4)
∫
M
f
p−1
0 ϕdµ¯ =
∫
M
f
p
0 ϕˆ dµ¯, ϕ ∈ Lp(F).
Proof. Let ϕ ∈ Lp(M) and ϕˆ = 0. Then ±ϕ satisfies the condition (2) of Badger’s theorem
2.2. Therefore ± ∫
M
f
p−1
0 ϕdµ¯ ≥ 0, which implies
∫
M
f
p−1
0 ϕdµ¯ = 0. Now let ϕ ∈ Lp(F).
Then ϕ− f0ϕˆ ∈ Lp(F) and (ϕ− f0ϕˆ)̂= 0. Thus by above∫
M
f
p−1
0 (ϕ− f0ϕˆ) = 0,
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which proves (3.5). Replacing ϕ by ϕˆψ and then by ϕψˆ for ϕ, ψ ∈ Lp(F), we get (2.3). 
Now we pass to the variation of p–modulus. Let X be the compactly supported vector
field on M , ϕt the flow of X . Let Ft = ϕt(F). We say that X is admissible for the
p–modulus of F if there is an open neighborhood I = (−ε, ε) ⊂ R such that
A1) there is the extremal function ft for the p–modulus of Ft for t ∈ I,
A2) the function α(x, t) = (ft ◦ ϕt)(x) is C2–smooth with respect to variable t ∈ I,
A3) the functions α, ∂α
∂t
and ∂
2α
∂t2
, t ∈ I, are dominated by functions in Lp(F) (indepen-
dent of t).
Moreover, we say that F is p–admissible if any compactly supported vector field on M
is admissible for the p–modulus of F . The following theorem states the existence of p–
admissible foliations. The proof of below result can be found in [7] without the assumption
on the second derivative of α in the definition of admissibility, but the proof in this case
follows the same lines.
Theorem 2.4. Assume F is given by the level sets of a submersion Φ : M → N such
that C1 < JΦ < C2 for some positive constants C1, C2 and there exists extremal function
for the p–modulus of F . Then F is p–admissible.
Now we can state the formula for the first variation of the p–modulus [7].
Theorem 2.5. Let F be foliation onM and X compactly supported vector field admissible
for the p–modulus of F . Assume that the extremal function f0 for the p–modulus of F is
C1–smooth. Then
(2.5)
d
dt
modp(Ft)t=0 = −p
∫
M
f
p−1
0 (Xf0 + f0divF(X)) dµ¯,
where divFX denoted the leafwise divergence of X.
We say that a p–admissible foliation F is a critical point of p–modulus functional if the
first variation (2.5) vanishes for any compactly supported vector field X . Since (2.5) can
be written in the form
d
dt
modp(Ft)t=0 = p
∫
M
g
((
1
q
∇⊤ log f p0 −HF⊥
)
−
(
1
p
∇⊥ log f p0 −HF
)
, X
)
dµ¯,
where HF and HF⊥ denote the mean curvature vector of foliation F and distribution
orthogonal F⊥, respectively, we get that F is a critical point of the p–modulus functional
if and only if
(2.6) ∇ log f p0 = qHF⊥ + pHF .
Notice that the condition ∇⊤ log f p0 = qHF⊥ holds trivially since the variation induced by
a vector field X tangent to F leaves F invariant. Therefore, the condition for the critical
point reduces to the following
(2.7) ∇⊥ log f p0 = pHF .
3. Second variation of p–modulus
In this section we derive the formula for the second variation of the p–modulus. First
we need some technical results.
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Let F be a foliation on a Riemannian manifold (M, g), X a vector field on M with the
flow ϕt. Let Ft = ϕt(F) and Lt = ϕt(L) for L ∈ F . Denote by Jrϕt the Jacobian of the
map ϕt : Lr → Lr+t.
Lemma 3.1. The following relations hold
d
dt
(
J0ϕt
)
t=r
= J0ϕr · divFrX ◦ ϕr,(3.1)
d
dt
(Jrϕt)t=0 = divFrX,(3.2)
d2
dt2
(
J0ϕt
)
t=0
= (divFX)
2 − RicF(X) + divF (∇XX) +
∑
i
|∇eiX|2(3.3)
−
∑
i,j
g(∇eiX, ej)2 −
∑
i,j
g(∇eiX, ej)g(∇ejX, ei),
where (ei) is an orthonormal basis of TF .
Proof. First let us recall the formulas for the differential of the determinant. Namely, for
1–parameter family of matrices Yt such that Y0 is an identity matrix, we have
d
dt
(det Yt)t = det(Yt)tr
(
Y −1t
d
dt
Yt
)
,
d2
dt2
(det Yt)t=0 = tr
(
d2
dt2
Yt
)
t=0
+
(
tr
(
d
dt
Yt
)
t=0
)2
− tr
((
d
dt
Yt
)2
t=0
)
.
Let Yt be of the form
(Yt)ij = g(ϕt∗ei, ϕt∗ej).
We will derive the first and second derivative of Yt. Let φ(x, t) = ϕt(x) and consider the
pull–back bundle φ−1TM over M × R with the fibers (φ−1TM)(x,t) = Tϕt(x)M . There is
unique connection ∇φ in this bundle satisfying
∇φW (Y ◦ φ) = ∇φ∗WY, W ∈ T (M × R), Y ∈ Γ(TM).
Moreover, one can show that [3]
∇φWφ∗Z −∇φZφ∗W = φ∗[W,Z], W, Z ∈ Γ(T (M × R)).
Since [ei,
d
dt
] = 0 we get
d
dt
(Yt)ij =
d
dt
g(ϕt∗ei, ϕt∗ej)
= g(∇φd
dt
ϕt∗ei, ϕt∗ej) + g(∇φd
dt
ϕt∗ej, ϕt∗ei)
= g(∇φeiφ∗
d
dt
, ϕt∗ej) + g(∇φejφ∗
d
dt
, ϕt∗ei).
By the fact that φ∗
d
dt
= X ◦ φ we have
d
dt
(Yt)ij = g(∇ϕt∗eiX,ϕt∗ej) + g(∇ϕt∗ejX,ϕt∗ei).
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In particular
tr
(
Y −1t
d
dt
Yt
)
= 2
∑
i,j
(g(ϕt∗ei, ϕt∗ej))
−1
ij g(∇ϕt∗eiX,ϕt∗ej) = 2divFtX ◦ ϕt
and hence
tr
(
d
dt
Yt
)
t=0
= 2divFX.
Therefore
d
dt
(J0ϕt)t =
d
dt
√
det Yt =
1
2
√
det Yt
d
dt
(det Yt) =
1
2
√
det Yttr(Y
−1
t
d
dt
Yt)
= J0ϕt · divFtX ◦ ϕt.
By the correspondence
J0ϕr+t = J
0ϕr · (Jrϕt ◦ ϕr)
we obtain
d
dt
(Jrϕt)t=0 ◦ ϕr =
d
dt
(J0ϕr+t)t=0
J0ϕr
=
d
dt
(J0ϕt)t=r
J0ϕr
= divFrX ◦ ϕr.
Furthermore, up to a symmetrization of indices i, j,(
d2
dt2
(Yt)ij
)
t=0
=
d
dt
g(∇ϕt∗eiX,ϕt∗ej)t=0
= g((∇φd
dt
∇ϕt∗eiX)t=0, ej) + g(∇ϕt∗eiX,∇φd
dt
ϕt∗ej)t=0
= g(∇φd
dt
∇φei(X ◦ φ), ej) + g(∇eiX,∇ejX)
= g(Rφ(
d
dt
, ei)(X ◦ ϕ), ej) + g(∇φei∇φd
dt
(X ◦ φ), ej) + g(∇eiX,∇ejX)
= g(R(X, ei)X, ej) + g(∇ei∇XX, ej) + g(∇eiX,∇ejX),
where Rφ is the curvature tensor of the connection ∇φ and R is the curvature tensor on
M . Hence ∑
i
(
d2
dt2
(Yt)ii
)
t=0
= 2
(
−Ric(X) + divF (∇XX) +
∑
i
|∇eiX|2
)
.
Moreover,
tr
(
d
dt
Yt
)2
t=0
=
∑
i,j
((
d
dt
Yt
)
t=0
)2
ij
=
∑
i,j
(g(∇eiX, ej) + g(∇ejX, ei))2
= 2
∑
i,j
(g(∇eiX, ej)2 + g(∇eiX, ej)g(∇ejX, ei)).
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Since
d2
dt2
(J0ϕt)t=0 =
d2
dt2
(√
det Yt
)
t=0
=
1
2
d
dt
(
(det Yt)
− 1
2
d
dt
(det Yt)
)
t=0
=
1
2
(
−1
2
(
d
dt
(det Yt)t=0
)2
+
d2
dt2
(det Yt)t=0
)
,
by above we get
2
d2
dt2
(J0ϕt)t=0 = −1
2
(2divFX)
2 − 2
(
−Ric(X) + divF(∇XX) +
∑
i
|∇eiX|2
)
+ (2divFX)
2 − 2
∑
i,j
g(∇eiX, ej)2 − 2
∑
i,j
g(∇eiX, ej)g(∇ejX, ei).
Finally
d2
dt2
(J0ϕt)t=0 = (divFX)
2 − RicF(X) + divF(∇XX) +
∑
i
|∇eiX|2
−
∑
i,j
g(∇eiX, ej)2 −
∑
i,j
g(∇eiX, ej)g(∇ejX, ei). 
The same argument as in the proof of above lemma implies that the second derivative
of the ”full” Jacobian Jϕt :M →M equals
(3.4)
d2
dt2
(Jϕt)t=0 = (divX)
2 − Ric(X) + div(∇XX)− tr((∇X)2).
Assume now that X is admissible for the p–modulus of F . Recall the definition of the
function αt(x) = α(t, x),
αt(x) = (ft ◦ ϕt)(x)
where ft is the extremal function for the p–modulus of Ft and ϕt is the flow of X . By
admissibility of X the function t 7→ αt is twice differentiable.
Lemma 3.2. The following relations hold(
dαt
dt
)̂
t=0
= − (f0divFX)̂,((
d2αt
dt2
)
t=0
+ 2
(
dαt
dt
)
t=0
divFX
)̂
= −
(
f0
d2
dt2
J⊤ϕt
)̂
.
Proof. It suffices to differentiate the equation
1 = f̂t
t ◦ ϕt = ̂(ft ◦ ϕt)J0ϕt
and use Lemma 3.1. 
Lemma 3.3. Let p ≥ 2 and let ψt be 1–parameter family of functions on M such that for
t in some interval (−ε, ε) we have
(1) ψt ∈ Lp(Ft),
(2) ψt ◦ ϕt is differentiable with respect to t,
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(3) ψt ◦ ϕt, ddt(ψt ◦ ϕt) are dominated by some functions in Lp(F) (independent of
t ∈ (−ε, ε)).
Then the following formula holds
(p− 1)
∫
M
f
p−2
0
(
dαt
dt
)
t=0
ψ dµ¯
= (1− p)
∫
M
f
p
0 ψˆdivFX dµ¯+
∫
M
f
p
0 ψˆdivF⊥X dµ¯−
∫
M
f
p−1
0 ψdivF⊥X dµ¯,
where ψ = ψ0.
Proof. The integral formula (2.4) for Ft takes the form∫
M
f
p−1
t ψt dµ¯ =
∫
M
f
p
t ψˆt
t
dµ¯,
or equivalently ∫
M
α
p−1
t (ψt ◦ ϕt)Jϕt dµ¯ =
∫
M
α
p
t (ψˆt
t ◦ ϕt)Jϕt dµ¯.
By the assumptions and Lebesgue dominated convergence theorem we can differentiate
under the integral sign. Moreover, by Lemma 3.1
d
dt
(ψˆt
t ◦ ϕt) = d
dt
∫
L
(ψt ◦ ϕt)J0ϕt dµL =
(
d
dt
(ψt ◦ ϕt) + ψdivFX
)̂
.
Thus (all derivatives with respect to t are taken at t = 0)∫
M
(
(p− 1)f p−20
dαt
dt
ψ + f p−10
d
dt
(ψt ◦ ϕt) + f p−10 ψdivX
)
dµ¯
=
∫
M
(
pf
p−1
0
dαt
dt
ψˆ + f p0
(
d
dt
(ψt ◦ ϕt) + ψdivFX
)̂
+ f p0 ψˆdivX
)
dµ¯.
By (2.4) above equality simplifies to
(p− 1)
∫
M
f
p−2
0
dαt
dt
ψ dµ¯
= p
∫
M
f
p−1
0
dαt
dt
ψˆ dµ¯+
∫
M
f
p
0 ψˆdivX dµ¯−
∫
M
f
p−1
0 ψdivF⊥X dµ¯.
Finally, by (2.3) and Lemma 3.2 we get the desired equality. 
Now we can state and prove the formula for the second variation.
Theorem 3.4. Let p ≥ 2. Let F be a foliation on M and X compactly supported vector
field admissible for the p–modulus of F . Then
d2
dt2
modp(Ft)t=0 =
∫
M
f
p
0
d2
dt2
(
Jϕt − pJ0ϕt
)
t=0
dµ¯− q
∫
M
f
p
0 (divF⊥X)
2 dµ¯
+ p
∫
M
f
p
0 ((f0(
√
p− 1divFX −
√
q − 1divF⊥X))̂)2 dµ¯,
(3.5)
where d
2
dt2
(Jϕt)t=0 and
d2
dt2
(J0ϕt)t=0 are given by (3.3) and (3.4), respectively.
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Proof. By p–admissibility of X∣∣∣∣ d2dt2 ((ft ◦ ϕt)pJϕt)
∣∣∣∣ ≤
∣∣∣∣∣p(p− 1)(ft ◦ ϕt)p−2
(
d
dt
(ft ◦ ϕt)
)2∣∣∣∣∣ |Jϕt|
+
∣∣∣∣p(ft ◦ ϕt)p−1 d2dt2 (ft ◦ ϕt)
∣∣∣∣ |Jϕt|
+ 2
∣∣∣∣p(ft ◦ ϕt)p−1 ddt(ft ◦ ϕt)
∣∣∣∣ ∣∣∣∣ ddtJϕt
∣∣∣∣+ |(ft ◦ ϕt)p| ∣∣∣∣ d2dt2Jϕt
∣∣∣∣
≤ C(hp−21 h22 + hp−11 h3 + hp−11 h2 + hp1),
for some constant C > 0 and p–integrable functions h1 and h2. It follows by Ho¨lder
inequality that the function hp−21 h
2
2+h
p−1
1 h3+h
p−1
1 h2+h
p
1 is integrable. Thus by Lebesgue
dominated convergence theorem (we compute derivatives with respect to t at t = 0)
d2
dt2
modp(Ft) = d
2
dt2
∫
M
f
p
t dµ¯
=
d2
dt2
∫
M
α
p
tJϕt dµ¯
=
∫
M
d2
dt2
(αptJϕt)) dµ¯
=
∫
M
p(p− 1)f p−20
(
dαt
dt
)2
dµ¯+
∫
M
pf
p−1
0
d2αt
dt2
dµ¯
+
∫
M
(
2pf p−10
dαt
dt
divX + f p0
d2
dt2
Jϕt
)
dµ¯.
By Lemma 3.2 and integral formula (2.4) we get
d2
dt2
modp(Ft) =
∫
M
f
p
0
d2
dt2
(Jϕt − pJ0ϕt) dµ¯+ p(p− 1)
∫
M
f
p−2
0
(
dαt
dt
)2
dµ¯
+ 2p
∫
M
f
p−1
0
dαt
dt
divF⊥X dµ¯
Now we will use Lemma 3.3 for ψt =
(
dαt
dt
)
t=0
◦ϕ−t and ψt = ftdivF⊥X . By p–admissibility
of F these functions satisfy the assumptions of Lemma 3.3. Hence, after some computa-
tions (with the use of integral formula (2.4)), we get
d2
dt2
modp(Ft) =
∫
M
f
p
0
d2
dt2
(Jϕt − pJ0ϕt) dµ¯− q
∫
M
f
p
0 (divF⊥X)
2 dµ¯
+ p(p− 1)
∫
M
f
p
0
̂(f0divFX)
2
dµ¯− 2p
∫
M
f
p
0
̂(f0divFX) ̂(f0divF⊥X) dµ¯
+ q
∫
M
f
p
0
̂(f0divF⊥X)
2
dµ¯.
It suffices to notice that last three components sum up to
p
∫
M
f
p
0 ((f0
√
p− 1divFX −
√
q − 1divF⊥X)̂)2 dµ¯.

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By the monotonicity of the p–modulus we get that the p–modulus of a k–dimensional
foliation F is less or equal to the p–modulus of the family of all k–dimensional submani-
folds of given Riemannian manifold M . Moreover, if M is a doubly connected set in the
Euclidean space Rn, then the p–modulus of all hypersurfaces separating boundary compo-
nents equals the q–capacity of a considered set and the p–modulus of a foliation Fu given
by the level sets of extremal function for the q–capacity [16]. Therefore, Fu maximizes
the p–modulus among all foliations separating boundary components. This leads to the
following definition.
We say that a p–admissible foliation F is p–stable if it is a critical point of the p–modulus
functional and if the second variation is nonpositive for any compactly supported vector
field X orthogonal to F . We only require X to be orthogonal to F since the variation by
the vector field tangent to foliation F is constant.
Let us now consider the codimension one case. Assume moreover that there exists unit
normal vector field N to F . Then any compactly supported vector field orthogonal to F
is of the form X = fN , where f ∈ C∞0 (M). For simplicity let
A =
∫
M
f
p
0
d2
dt2
(
Jϕt − pJ0ϕt
)
t=0
dµ¯− q
∫
M
f
p
0 (divF⊥X)
2 dµ¯
B = p
∫
M
f
p
0 ((f0(
√
p− 1divFX −
√
q − 1divF⊥X))̂)2 dµ¯.
If F is a critical point of the p–modulus functional and the extremal function f0 for the
p–modulus of F is C1–smooth, then rewriting (2.6) we have for any vector field Y
(3.6) Y f p0 = f
p
0 g(qHF⊥ + pHF , Y ).
Notice that HF = hFN , where hF has real values and HF⊥ = ∇NN . Moreover the Ricci
curvature of F in the direction of N equals the Ricci curvature of M in the direction of
N . By a simple computations we get
div(∇XX) = f 2div(∇NN) + (∇NN)f 2 + div(f(Nf)N),
divF (∇XX) = f 2div(∇NN) + f 2|∇NN |2 + (∇NN)f 2 − f(Nf)hF ,∑
i
g(∇eiX,N)2 = |∇⊤f |2,∑
i,j
g(∇eiX, ej)g(∇ejX, ei) = f 2|Π|2,
tr((∇X)2) = f |Π|2 + (∇NN)f 2 + (Nf)2,
where Π is the second fundamental form of F , Π(X, Y ) = (∇XY )⊥, X, Y ∈ TM . Thus
A =
∫
M
f
p
0
(
(1− p)f 2h2F + (p− 1)f 2Ric(N)− p|∇⊤f |2 − q(Nf)2
+ (p− 1)f 2|Π|2 − pf 2|∇NN |2 + (1− p)f 2div(∇NN)− p(∇NN)f 2
− 2f(Nf)hF + div(f(Nf)N) + pf(Nf)hF
)
dµ¯.
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The last two components sum up to div(f p0 f(Nf)N). Computing the divergence of the
vector fields f p0 f
2∇NN and f p0 f 2hFN and using (3.6) for Y = ∇NN we obtain
A =
∫
M
f
p
0
(
− p|∇⊤f |2 − q(Nf)2 + q|∇NN |2 + (p− 1)f 2|Π|2
+ (p− 1)f 2Ric(N) + f 2div(∇NN) + f 2N(hF )
)
dµ¯.
By the formula [4]
(3.7) div(∇NN) = −N(hF ) + |Π|2 + Ric(N).
we get
A =
∫
M
f
p
0
(
pf 2Ric(N)− p|∇⊤f |2 − q(Nf)2 + pf 2|Π|2 + qf 2|∇NN |2
)
dµ¯.
Moreover,
B = p
∫
M
f
p
0 ((f0(
√
p− 1fhF +
√
q − 1Nf))̂)2 dµ¯.
Put
∇p,qf = √p∇⊤f +√q∇⊥f = √p∇⊤f +√qNf.
Now we can state one of the main theorems.
Theorem 3.5. Let p ≥ 2. Assume F is p–admissible codimension one transversally
orientable foliation on a Riemannian manifold M and let N be the unit normal vector
field. Assume F is a critical point of the p–modulus functional and f0 is C1–smooth. Then
F is p–stable if and only if
(3.8)
∫
M
f
p
0 (−|∇p,qf |2 + pf 2|Π|2 + qf 2|∇NN |2 + pf 2Ric(N)) dµ¯
+ p
∫
M
f
p
0 ((f0(
√
p− 1fhF +
√
q − 1Nf))̂)2 dµ¯ ≤ 0.
for any f ∈ C∞0 (M).
We will give the sufficient condition for the p–stability. Let F be a codimension one
transversally orientable foliation on a Riemannian manifold M and let N be the unit
normal vector field. Denote by α0 the following function
α0 =
(f 20 )
̂
f0
,
where f0 is the extremal function for the p–modulus of F .
Corollary 3.6. Let p ≥ 2. Assume F is p–admissible and a critical point of the p–modulus
functional and f0 is C
1–smooth. If
(3.9)
∫
M
f
p
0
(
− p|∇⊤f |2 − q(1− α0)(Nf)2 + pf 2(1− α0)Ric(N) + pf 2(1− α0)f 2|Π|2
+ qf 2|∇NN | − p(Nα0)f 2hF + pα0f 2div(∇NN)
)
dµ¯ ≤ 0
for any f ∈ C∞0 (M), then F is p–stable.
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Proof. Denote the function
√
p− 1fhF+
√
q − 1Nf by ψ. Then, by Ho¨lder inequality and
integral formula (2.3), we have∫
M
f
p
0 f̂0ψ
2
dµ¯ ≤
∫
M
f
p
0 f̂
2
0 ψ̂
2 dµ¯ =
∫
M
f
p−1
0 f̂
2
0ψ
2 dµ¯ =
∫
M
f
p
0α0ψ
2 dµ¯.
It suffices to use Theorem 3.5, equality (3.7) and compute the divergence of the vector
field f p0α0f
2hFN . 
Corollary 3.7. Let F be a foliation given by the level sets of the distance function (from
the codimension one submanifold L in M). Assume f0 is C
1–smooth. Then F is p–stable
for any p ≥ 2.
Proof. F is p–stable for any p > 1 (see the next section). Thus f0 is constant on the leaves
of F , hence f0 = 1σ , where σ(x), x ∈M , is the measure of the leaf through x. Thus
α0 =
1
f0
f̂ 20 = σ
1
σ
= 1.
Since F⊥ is totally geodesic, then condition (3.9) takes the form
−p
∫
M
f
p
0 |∇⊤f |2 ≤ 0,
which clearly holds for any f ∈ C∞0 (M). 
At the end of this section we will describe the second variation in terms of extremal
function f0.
Proposition 3.8. Assume F is p–admissible codimension one transversally orientable
and N is the unit normal vector field. Assume moreover that the extremal function f0 for
the p–modulus of F is C2–smooth. If F is a critical point of the p–modulus functional,
then the following formula holds
(3.10) p|Π|2 + q|∇NN |2 + pRic(N) = (p− 1)∆Fk0 + (2− p)|∇⊤k0|+N2k0,
where k0 = log f
p
0 . In particular, F is p–stable if and only if
(3.11)
∫
M
ek0
(−|∇p,qf |2 + f 2 ((p− 1)∆Fk0 + (2− p)|∇⊤k0|+N2k0)) dµ¯
+ p
∫
M
ek0
((
e
1
p
k0
(√
p− 1
p
(Nk0)f +
√
q − 1Nf
))̂)2
dµ¯ ≤ 0
for any f ∈ C∞0 (M).
Proof. Follows directly by (2.6) and (3.7). 
4. Level sets of q–harmonic functions
In this section we study the p–modulus of foliations given by the level sets of functions
with non–vanishing gradient. We show the relation between q–harmonicity of functions
defining foliations and p–modulus of these foliations.
First, recall that a C2–smooth function u : M → R is q–harmonic, if it satisfies the
following differential equation
∆qu = div(|∇u|q−2∇u) = 0.
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Let u :M → R be C2–smooth and assume |∇u| > 0. Denote by Fu the foliation given
by the level sets of u. Let νqu : R→ R be defined as follows
νqu(t) =
∫
u−1(t)
|∇u|q−1 dµu−1(t) =
(
̂|∇u|q−1
)
◦ u−1
Notice that by (2.2) we have
modp(Fu) =
∫
u(M)
νqu(t)
1−p dt.
Consider the vector field Y = ∇u
|∇u|2
. Then
u∗Y = g(∇u, Y )
(
d
dt
)
◦ u = d
dt
◦ u.
Fix s ∈ u(M). If ψt is a local flow of Y in the neighborhood of u−1(s) then u ◦ψt = λt ◦u,
where λt(θ) = θ + t. Hence ψt maps u
−1(s) to u−1(s+ t).
Proposition 4.1. Assume u :M → R is C2–smooth. If the 1–parameter family of func-
tions
(
(∆qu
|∇u|
◦ ψt
)
J0ψt, t ∈ (−ε, ε), is dominated by a function (independent of t) inte-
grable on the level sets u−1(s+ t), t ∈ (ε, ε), then νqu is differentiable at s and
(4.1)
(
d
dt
νqu
)
(s) =
̂
(
∆qu
|∇u|
)
◦ u−1(s).
Proof. Since
νqu(s+ t) =
∫
u−1(s)
(|∇u|q−1 ◦ ψt)J0ψt dµu−1(s)
we have by Lagrange mean value theorem
lim
t→0
1
t
(νqu(s+ t)− νqu(s)) = lim
t→0
∫
u−1(s)
d
dt
(|∇u|q−1 ◦ ψt · J0ψt)θt ,
where θt ∈ (−t, t). By easy computations we get
d
dt
(
(|∇u|q−1 ◦ ψt)J0ψt
)
=
(
Y (|∇u|q−1) + |∇u|q−1divFuY
) ◦ ψt · J0ψt
=
(
1
|∇u|Y |∇u|
q + |∇u|qY
(
1
|∇u|
)
+|∇u|q−1divY − |∇u|qY
(
1
|∇u|
))
◦ ψt · J0ψt
=
(
1
|∇u|div(|∇u|
qY )
)
◦ ψt · J0ψt
=
(
∆qu
|∇u|
)
◦ ψt · J0ψt.
Thus by assumptions and by Lebesgue dominated convergence theorem function νqu is
differentiable at s and the desired equality holds. 
By above proposition we have an important corollary.
Corollary 4.2. If u is q–harmonic, then νqu is constant.
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We now derive the differential equation for Fu to be the critical point of the p–modulus
functional. Let
λ(t) =
∫ t
a
νqu(t)
1−p, t ∈ (a, b),
where (a, b) = u(M). Then λ′(t) = νqu(t)
1−p, hence
(|∇(λ ◦ u)|q−1)̂= |λ′ ◦ u|q−1̂|∇u|q−1 = 1.
Taking v = λ◦u, the extremal function f0 for the p–modulus of Fu = Fv equals, by (2.1),
f0 = |∇v|q−1.
Since
HFu = −divFv
( ∇v
|∇v|
) ∇v
|∇v| = −div
( ∇v
|∇v|
) ∇v
|∇v| ,
the equation (2.7) takes the form
∇⊥(log |∇v|q−1) = − div
( ∇v
|∇v|
) ∇v
|∇v| .
Computing the scalar product of both sides with ∇v
|∇v|
we get
∇v
|∇v|(|∇v|
q−1) = −|∇v|q−1div
( ∇v
|∇v|
)
.
Hence, by the formula div(fX) = fdivX +Xf , we get
div(|∇v|q−2∇v) = 0,
thus v is q–harmonic.
Returning to the function u we have
0 = ∆q(λ ◦ u) = div(|∇(λ ◦ u)|q−2∇(λ ◦ u))
= div((λ′ ◦ u)q−1|∇u|q−2∇u)
= (λ′ ◦ u)q−1∆qu+ |∇u|q−2∇u((λ′ ◦ u)q−1)
= (λ′ ◦ u)q−2 ((λ′ ◦ u)∆qu+ (q − 1)(λ′′ ◦ u)|∇u|q) ,
assuming λ is twice differentiable. Notice that by Proposition 4.1
λ′′ ◦ u = (1− p)(νqu ◦ u)−p · ((νqu)′ ◦ u) = (1− p)(νqu ◦ u)−p
̂
(
∆qu
|∇u|
)
.
Since
νqu ◦ u = ̂|∇u|q−1 and λ′ ◦ u = ̂|∇u|q−1
1−p
,
we obtain
∆qu = (1− q)λ
′′ ◦ u
λ′ ◦ u |∇u|
q =
|∇u|q
̂|∇u|q−1
̂
(
∆qu
|∇u|
)
= f0|∇u|
̂
(
∆qu
|∇u|
)
.
We collect obtained results in the following theorem.
Theorem 4.3. The following two characterizations of critical points of p–modulus func-
tional for foliations by level sets of functions hold.
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(1) Assume νqu is differentiable and that (4.1) holds. Then, Fu is a critical point of
p–modulus functional if and only if u satisfies the differential equation
∆qu
|∇u| = f0
̂
(
∆qu
|∇u|
)
,
where f0 is the extremal function for the p–modulus of Fu.
(2) Fu is a critical point of p–modulus functional if and only if there exist q–harmonic
function v such that Fv = Fu.
Corollary 4.4. Assume Fu is given by the distance function u = dist(·, L) from the
codimension one submanifold L. Then Fu is a critical point of the p–modulus functional
for any p > 1.
Proof. It is known that |∇u| = 1 [12, 9]. Since the foliation F⊥ orthogonal to F is by
geodesics, it follows that HF⊥ = 0. Thus extremal function is constant on the leaves
u−1(t), i.e.
f0 = f0(t) =
1
1ˆ
=
1
µu−1(t)(u−1(t))
.
By Theorem 4.3, Fu is a critical point of the p–modulus functional if and only if
(4.2) 1ˆ ·∆qu = ∆̂qu.
Notice, that the q–laplacian of u is just the laplacian ∆ = ∆2 of u. Since u is constant
on the level sets, ∆u depends only on t, hence is constant on u−1(t). Therefore equation
(4.2) is trivially satisfied. 
5. Final remarks
Notice the correlation between p–stable codimension one transversally orientable folia-
tion and (weighted) Hardy type inequalities.
Theorem 5.1. Assume F is a codimension one p–stable transversally orientable foliation
on a Riemannian manifold (M, g). Let
ρp = p|Π|2 + pRic(N) + q|∇NN |,
where N is the unit normal vector field to F . Then the following inequality holds
(5.1)
∫
M
f 2ρp f
p
0 dµ¯ ≤
∫
M
|∇p,qf |2 f p0 dµ¯, f ∈ C∞0 (M),
where f0 is the extremal function for the p–modulus of F .
Proof. Follows immediately by Theorem 3.5. 
Notice that in the case p = q = 2 the gradient ∇2,2 is just the multiple of the usual
gradient, more precisely ∇2,2 =
√
2∇, and the Hardy type inequality (5.1) is of the form∫
M
f 2ρ2 f
2
0dµ¯ ≤ 2
∫
M
|∇f |2 f 20dµ¯.
The existence of p–stable foliations given by the level sets of smooth functions follows by
well known results in the literature. Let us recall some facts about capacity of a condenser.
LetM be a Riemannian manifold, L0, L1 two disjoint closed sets (in our case L0 and L1
are two codimension one submanifolds being the two boundary components of M). The
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triple (M,L0, L1) is called a condenser. Let Aq be the class of continuous functions u on
M which admit Lq integrable gradient and such that u = 0 on L0 and u = 1 on L1. The
q–capacity of (M,L0, L1) is the number
capq(M,L0, L1) = inf
u∈Aq
∫
M
|∇u|q dµ¯.
One can show [11] that if L0 and L0 are compact and do not reduce to a point, Aq is
nonempty, then there is unique function u which realizes the q–capacity. Moreover, slightly
generalizing the considerations in [16] or with the use of primitive functions in [13], see
also [10], the q–capacity equals the p–modulus of the foliation Fu by level sets of u. Thus
Fu is p–stable.
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